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Abstract
We study the restricted growth function associated with set partitions, and obtain
exact formulas for the number of strong records with height one, the total of record
heights over set of partitions, and the number of partitions with a given maximal height
of strong records. We also extend some of these results to weak records.
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1 Introduction and statement of results
We study records, also known in the literature as left to right maxima. For a sequence
pi = pi1 · · ·pin of members of a totally ordered set, pii is a strong record if pii > max1≤j≤i−1 pij.
We call it a weak record if pii ≥ max1≤j≤i−1 pij . The interest in records is partially motivated by
real-world applications, such as extreme weather studies, tests of randomness, determination
of minimal failure, and stresses of electronic components, to name a few. The number of
strong records was first studied by Re´nyi [17] for permutations (see also [9, 11]) where he
proved, among other results, that the number of permutations of [n] with r strong records
is equal to the number of such permutations with r k-cycles, the latter being given by the
unsigned Stirling number of the first kind.
More recently, Myers and Wilf [16] extended the study of records to multiset permutations
and words. They derived the generating function for the number of permutations of a fixed
multiset which contains exactly r (strong or weak) records. They also gave the average
number of (strong and weak) records among all permutations of the multiset. Their work
has been extended to different totally ordered discrete sets and a variety of statistics of
records. For example, Kortchemski in [12] studied the asymptotic behavior of the number of
permutations having r records and the permutations for which the sum of the positions of
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their records is r. Knopfmacher, Mansour and Wagner [10] studied the sum of the positions
of records in set partitions. Cakic´, Mansour and Smith [2] investigated further another
statistic of records in set partitions. Asakly [1] obtained an explicit formula and asymptotic
estimate for the total number of sum of weighted records over set partitions of [n] in terms
of Bell numbers.
In this paper we study the height of strong and weak records in set partitions. Most of our
results are exact and obtained by analyzing underlying generating functions. The asymptotic
behavior of the quantities of interest can be subsequently deduced from the exact formulas.
We begin with notations. A partition of a set A is a collection of non-empty, mutually
disjoint subsets, called blocks, whose union is the set A. A partition Π with k blocks is called
a k-partition and denoted by Π = A1 | A2 | . . . | Ak. Let Pn,k be the set of k-partitions of
[n] = {1, 2, . . . , n} and define Pn = ∪
n
k=0Pn,k to be the collection of all partitions of [n]. It is
well-known that Card(Pn,k) = Sn,k and Card(Pn) = Bn, where Sn,k is a Stirling number of
the second kind and Bn is the n-th Bell number. The Stirling numbers of the first kind sn,k
and the second kind Sn,k can be introduced algebraically in several different ways, including
formulas (10) and (11) given below. Alternatively, one can define the sequence of Stirling
numbers of the first kind as the solution to the recursion
sn,k = −(n− 1)sn−1,k + sn−1,k−1, n, k ∈ N, k ≤ n,
with the initial conditions s0,0 = 1 and s0,n = 0, and the sequence of Stirling numbers of the
second kind as the solution to the recursion
Sn,k = kSn−1,k + Sn−1,k−1, n, k ∈ N, k ≤ n,
with the initial conditions S0,0 = 1 and S0,n = 0. The sequence of Bell numbers (Bn)n≥0 can
be then defined through the formula Bn =
∑n
k=0 Sn,k, or, for instance, recursively via the
formula Bn+1 =
∑n
k=0
(
n
k
)
Bk with the initial condition B0 = 1. For more on the Stirling and
Bell numbers see, for instance, [5, 14, 18] and references therein.
A k-partition Π is said to be in the standard form if the blocks Ai are labeled in such a
way that
minA1 < minA2 < · · · < minAk. (1)
Note that if a k-partition of [n], call it Π, is in the standard form, then it can be represented
equivalently by the canonical sequential form Π = pi1pi2 . . . pin where pii ∈ [n] and i ∈ Apii for
all i (see, for instance, [14,18]). In words, pii is the label of the partition block that contains
i. We remark that the canonical form is sometimes referred as a restricted growth function
(see, for instance, [14]).
Notices that (1) guarantees that 1 ∈ A1. For example, the canonical representation of
the partition {1, 4, 7} | {2, 3, 6, 9} | {5, 8} ∈ P9,3 is 122132132. Throughout this paper we
consider the canonical form as a representation of partitions. Note that a word pi ∈ [k]n is a
canonical representation of a k-partition of [n] if and only if the following holds:
1. Each element of [k] appears at least once in pi.
2. For all 1 ≤ i < j ≤ k, the first occurrence of i precedes the first occurrence of j.
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To define records for a k-partition Π of [n], we represent Π by its corresponding restricted
growth function pi = pi1 · · ·pin. Then, we define the records of Π as records of their restricted
growth function pi. For a record, pii, we call i the position of the record pii. Similarly, we
define the height of this record as pii − pii−1 whenever i > 1 and (within the framework of
strong records) 0 if i = 1.
Our first result is
Theorem 1.1.
(i) Let n ≥ k ≥ 1 and r ≥ 0. The number of k-partitions of [n] with exactly r records of
height one is
k−1∑
j=0
(−1)r−j
(
k − 1− j
r − j
)
|sk−1,j|Sn−k+1+j,k.
(ii) The total number of strong records of height one in all partitions in Pn,k is given by
1
2
Sn+1,k +
1
2
Sn,k − Sn−1,k − Sn−1,k−1 −
1
2
Sn−1,k−2.
(iii) The total number of strong records of height one in all partitions in Pn is given by
1
2
Bn+1 +
1
2
Bn −
5
2
Bn−1 =
(
n+ 1
2ξn
+
1
2
+O
( logn
n
))
Bn, (2)
where ξn is the unique positive root of the equation ξe
ξ = n + 1.
We remark that (see, for instance, Example VIII.6 in [7])
ξn = log n− log log n+
log logn
logn
+O
(
log2 log n
log2 n
)
.
Similarly to Theorem 1.1, next theorem provides some insight on strong records with the
exception that we drop the assumption of height one.
Theorem 1.2.
(i) The sum of the heights of the strong records over all the partitions in Pn,k is given by
(k − 1)Sn,k +
(
k
3
)
Sn−1,k.
(ii) The sum of the heights of the strong records over all the partitions in Pn is given by
1
6
Bn+2 −
2
3
Bn −
1
6
Bn−1 =
(
(n+ 2)(n+ 1)
6ξ2
−
2
3
+O
( log n
n
))
Bn. (3)
(iii) Let Phn,k be the set of partitions in Pn,k whose maximum height is h. Then
Card(Phn,k) =
k−h∑
j=1
sk−h,jSn−(k−h)+j,k.
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Next theorem extends our previous results to weak records.
Theorem 1.3.
(i) Let n ≥ k ≥ 1 and r ≥ 0. The number of k-partitions of [n] with exactly r weak records
of height one is given by
k−1∑
i=0
(n+i−k)/2∑
a=0
(−1)m+a−i
(
n+ i− a− k
a
)(
k + a− 1− i
m− i
)
Sn+1+i−2a−k,k|sk−1,i|
+
k−1∑
i=0
(n+i−1−k)/2∑
a=0
n+i−1−2a−k∑
j=0
(−1)m+a−i
(
j − 1 + a
a
)(
k + a− i
m− i
)
Sj,k|sk−1,i|.
(ii) The total number of weak records of height one in all the partitions in Pn,k is given by
1
2
Sn+2,k +
1
2
Sn+1,k + nSn−1,k − Sn,k−1 −
1
2
Sn,k−2 − Sn−1,k −
n−1∑
j=0
(
n
j
)
Sn−1−j,k−1.
(iii) The total number of weak records of height one in all the partitions in Pn is given by
1
2
Bn+1 +
1
2
Bn + (n− 1)Bn−2 −
3
2
Bn−1 −Bn−2 −
n−1∑
j=0
(
n
j + 1
)
Bj
=
(
n + 1
2ξn
+
1
2
+O
( log n
n
))
Bn.
(iv) The sum of the heights of the weak records over all the partitions in Pn,k is given by
(k − 1)Sn,k +
(
k
3
)
Sn−1,k +
(
k + 1
3
)
Sn−2,k.
(v) The sum of the heights of the weak records over all the partitions in Pn is given by
1
6
Bn+2 +
1
6
Bn+1 −
7
6
Bn −
1
3
Bn−1 +
1
3
Bn−2
=
(
(n + 2)(n+ 1)
6ξ2n
+
(n+ 1)
6ξn
−
7
6
+O
( logn
n
))
Bn.
The rest of the paper is organized as follows. Theorems 1.1 and 1.2 are proved in Section 2,
and the proof of Theorem 1.3 is given in Section 3. The proofs are analytical and rely on
the analysis of generating functions.
2 Strong records. Proof of Theorems 1.1 and 1.2
In this section we are concerned with the height of strong records. The section is divided
into four subsection. Section 2.1 is of a preliminary function, its goal is to introduce certain
generating function associated with strong records. The proof of Theorem 1.1 is given in
Section 2.2. The proof of claims (i) and (ii) of Theorem 1.2 is contained in Section 2.3, and
the proof of part of the theorem is included in Section 2.4.
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2.1 Preliminaries
We first introduce a few notations. Throughout this paper, for any given ordinary generating
function
A(x) =
∑
n≥0
anx
n, x ∈ C,
we use A˜ to denote the corresponding exponential generating function. That is,
A˜(x) :=
∑
n≥0
an
xn
n!
. (4)
We define Pn,k = Pn,k(q1, q2, . . . , qk−1) to be the generating function of the number of parti-
tions in Pn,k with respect to the height of the strong records, where qi counts the number of
records of the height i. For k ≥ 0 define
Pk(x) = Pk(x, q1, . . . , qk−1) =
∑
n≥k
Pn,kx
n.
We remark that P0(x) = 1 and P1(x) =
x
1−x
. Thus, unless explicitly said otherwise, for the
rest of this paper we assume that k ≥ 2.
In order to study the generating function Pk(x) we define
Pk(x|asas−1 · · · a1) =
∑
n≥k
Pn,k(q1, . . . , qk−1|asas−1 · · · a1)x
n,
where
Pn,k(q1, . . . , qk−1|asas−1 · · ·a1)
is the generating function for the number of k-partitions of the form pi = pi′asas−1 · · ·a1 in
Pn,k. Observe that the last symbol in the canonical representation of a k-partition cannot
be a strong record unless it equals to k. Hence, for a ∈ [k − 1] we have
Pk(x|a) = xPk(x). (5)
Using the fact that Pk(x) =
∑k
a=1 Pk(x|a), we obtain the identity
Pk(x) = (k − 1)xPk(x) + Pk(x|k). (6)
Furthermore,
Pk(x|k) = xPk(x) + x
k−1∑
i=1
qiPk−1(x|k − i)
= xPk(x) + q1Pk−1(x|k − 1) + x
2Pk−1(x)
k−1∑
i=2
qi,
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where the last equality follows from (5), and the empty sum
∑k−1
i=2 qi is considered to be zero
when k = 2. It follows then from (6) that
(1− (k − 1)x)Pk(x) = xPk(x) + xq1(1− (k − 2)x)Pk−1(x)
+x2(q2 + · · ·+ qk−1)Pk−1(x).
Equivalently,
Pk(x) = x
q1 + x(q2 + · · ·+ qk−1 − (k − 2)q1)
1− kx
Pk−1(x)
= . . . = xk
∏k
j=2(q1 + x(q2 + · · ·+ qj−1 − (j − 2)q1))∏k
j=1(1− jx)
. (7)
We remark that if q1 = · · · = qk−1 = q, then (7) becomes
Pk(x; q, q, . . . , q) =
xkqk−1∏k
j=1(1− jx)
= qk−1
∑
n≥0
Sn,kx
n,
where the second equality is due to (11). This is expected because Card(Pn,k) = Sn,k and
any set k-partition of [n] has exactly k − 1 strong records.
2.2 Strong records of height one. Proof of Theorem 1.1
The goal os this section is to prove Theorem 1.1. In order to analyze the number of strong
records of height one, we let q1 = q and qi = 1 for all i ≥ 2 in (7). Denote
Tk(x; q) := Pk(x; q, 1, . . . , 1).
Then (7) yields the recursion
(1− kx)Tk(x; q) = x(q + (k − 2)x(1− q))Tk−1(x; q) (8)
with T0(x; q) = 1 and T1(x; q) =
x
1−x
. Thus,
Tk(x; q) =
xk
∏k−2
j=0(q + jx(1− q))∏k
j=0(1− jx)
=
x2k−1(1− q)k−1
∏k−2
j=0
(
q
x(1−q)
+ j
)
∏k
j=0(1− jx)
. (9)
Recall (see, for instance, [5, 14]) that Stirling numbers satisfy the identities
n−1∏
j=0
(x+ j) =
n∑
j=0
|sn,j|x
j and
k∏
j=1
(1− jy) =
k∑
j=0
sk+1,j+1y
k−j. (10)
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(note that the latter identity is equivalent to the former one with x = −1/y), and
xk∏k
j=1(1− jx)
=
∑
n≥0
Sn,kx
n. (11)
Therefore, (9) can be expressed as
Tk(x; q) =
k−1∑
j=0
|sk−1,j|q
jxk−1−j(1− q)k−1−j
∑
n≥k
Sn,kx
n
=
∑
n≥k
k−1∑
j=0
k−1−j∑
i=0
(−1)i
(
k − 1− j
i
)
|sk−1,j|Sn,kq
i+jxn+k−1−j.
Changing the order of summation from
∑
n≥k
∑k−1
j=0
∑k−1−j
i=0 ... to
k−1∑
r=0
{ k−1∑
N=k−1−r
k−1−N∑
j=0
... +
∞∑
N=k
r∑
j=0
...
}
and inspecting the coefficient of qrxn in the resulting formula for Tk(x; q) finishes the proof
of Theorem 1.1-(i).
Next, we prove Theorem 1.1-(ii) and (iii). Let T˜ be the exponential generating function
associated with T, as defined in (4). Then, by (8), we get
∂2
∂x2
T˜k(x; q)− k
∂
∂x
T˜k(x; q) = q
∂
∂x
T˜k−1(x; q) + (k − 2)(1− q)T˜k−1(x; q) (12)
with T˜0(x; q) = 1 and T˜1(x; q) = e
x − 1. Define
T˜ (x, y; q) =
∑
k≥0
T˜k(x; q)y
k.
Multiplying by yk and summing up over k ≥ 2 gives
∂2
∂x2
T˜ (x, y; q)− y
∂2
∂x∂y
T˜ (x, y; q)
= qy
∂
∂x
T˜ (x, y; q)− (1− q)y(T˜ (x, y; q)− 1) + (1− q)y2
∂
∂y
T˜ (x, y; q). (13)
Note that T˜ (x, y; 1) = ey(e
x−1). By taking the derivative in the both sides of (13) and evalu-
ating the result at q = 1, we obtain the equation
{ ∂3
∂x2∂q
T˜ (x, y; q)− y
∂3
∂x∂y∂q
T˜ (x, y; q)− y
∂2
∂x∂q
T˜ (x, y; q)
}∣∣∣
q=1
= y(y + 1)ey(e
x−1) − y,
with the initial condition
∂2
∂x∂q
T˜ (x, y; q)
∣∣∣
q=1
= 0.
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Therefore,
∂2
∂x∂q
T˜ (x, y; q)
∣∣∣
q=1
=
1
2
∂2
∂x2
ey(e
x−1) +
1
2
∂
∂x
ey(e
x−1) − (1 + y + y2/2)ey(e
x−1) + 1.
Inspecting the coefficient of xnyk/n! in ∂
∂q
T˜ (x, y; q) |q=1 and the coefficient of x
n/n! in
∂
∂q
T˜ (x, 1; q) |q=1 finishes the proof of Theorems 1.1-(ii) and (iii).
We remark that in order to derive the asymptotic estimate in Theorem 1.1-(iii), we use
the fact that (see, for instance, [3]) the identity
Bn+h = Bn
(n+ h)!
n! ξhn
(
1 +O
( log n
n
))
(14)
holds uniformly for h = O(logn), where ξn is the unique positive root of ξe
ξ = n + 1.
2.3 Total height of strong records. Proof of Theorem 1.2-(i),(ii)
The goal of this section is to prove part (i) and part (ii) of Theorem 1.2. In order to
analyze the sum of heights of all strong records over Pk,n, we let qi = q
i in (7). Define
Tk(x; q) := Pk(x; q, q
2, . . . , qk−1) to be the generating function for the number of partitions
of Pn,k accounting for the total heights of all strong records. In this notation, (7) becomes
Tk(x; q) = x
kqk−1
∏k
j=2(1 + x(q + · · ·+ q
j−2 − (j − 2)))∏k
j=1(1− jx)
. (15)
Take the derivative with respect to q on the both sides of (15) and evaluate the result at
q = 1. Then
∂
∂q
Tk(x; q)
∣∣∣
q=1
=
(k − 1)xk∏k
j=1(1− jx)
+
xk+1
(
k
3
)
∏k
j=1(1− jx)
.
Recall (11). An argument similar to the one given in the previous section finishes the proof
of Theorem 1.2-(i).
Before we proceed with the proof of part (ii) of Theorem 1.2, we recall another identity
for Sn,k. We refer the reader to [14] for a review of this type of identities for Stirling’s
numbers. Recall (e
x−1)k
k!
=
∑
n≥k Sn,k
xn
n!
. Then
∑
k≥2
∑
n≥k
(
(k − 1)Sn,k +
(
k
3
)
Sn−1,k
)xnyk
n!
=
∑
k≥2
(
k − 1
k!
(ex − 1)k +
(
k
3
)∫ x
0
(et − 1)k
k!
dt
)
yk
= 1 + (y(ex − 1)− 1)ey(e
x−1) +
∫ x
0
y3
6
(et − 1)3ey(e
t−1)dt.
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Define T˜k(x) :=
∂
∂q
Tk(x; q)|q=1. Then, (15) implies that
∂
∂x
∑
k≥0
T˜k(x)y
k = y2(ex − 1)ey(e
x+x−1) +
y3
6
(ex − 1)3ey(e
x−1).
In particular,
∂
∂x
∑
k≥0
T˜k(x) = (e
x − 1)ee
x+x−1 +
1
6
(ex − 1)3ee
x−1
=
1
6
d3
dx3
ee
x−1 −
2
3
d
dx
ee
x−1 −
1
6
ee
x−1.
The inspection of the power series expansion of the above expression for ∂
∂x
∑
k≥0 T˜k(x)
reveals that the coefficient of x
n
n!
is given by
1
6
Bn+3 −
2
3
Bn+1 −
1
6
Bn.
This completes the proof of Theorem 1.2-(ii). Note that the asymptotic estimate in (3) is a
straightforward consequence of the exact formula and (14).
2.4 Maximum height of strong records. Proof of Theorem 1.2-(iii)
We now turn to the proof of Theorem 1.2-(iii). Let Phn,k be the set of partitions in Pn,k whose
maximum height is h. To obtain the generating function of Card(Phn,k), we let qi = 1 for
i ∈ [h] and qi = 0 for i ≥ h+ 1 in (7), thus setting
Mk(x) := Pk(x; q1, q2, . . . , qk−1) = x
k
∏k
j=2(q1 + x(q2 + · · ·+ qj−1 − (j − 2)q1))∏k
j=1(1− jx)
.
Hence,
Mk(x) =


xk
∏k
j=1(1−jx)
for k ≤ h+ 1,
xk(1−x)···(1−(k−h−1)x)
∏k
j=1(1−jx)
otherwise.
It follows then from (10) and (11) that the number of partitions in Phn,k is given by
k−h∑
j=1
sk−h,jSn−(k−h)+j,k.
This completes the proof of Theorem 1.2-(iii).
3 Weak records. Proof of Theorem 1.3
This section is devoted to to prove Theorem 1.3. The proof of claims (i)–(iii) of the theorem
is given in Section 3.2. The proof of claims (iv) and (v) is included in Section 3.3. Section 3.1
is of a preliminary function, its goal is to compute a certain generating function associated
with weak records.
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3.1 Generating functions
The goal of this section is to obtain Lemma 3.1, a closed form expression for certain gener-
ating functions. Let Qn,k = Qn,k(q1, q2, . . . , qk−1) be the multivariate generating function for
the number of partitions in Pn,k accounting for the heights of weak records. Here qi counts
the number of the weak records of height i. Define
Qk(x) = Qk(x, q1, . . . , qk) =
∑
n≥k
Qn,kx
n.
It is easy to see that
Q0(x) = 1 and Q1(x) =
x
1− x
.
From now we will assume that k ≥ 2. In order to study Qk(x), we introduce auxiliary
generating functions
Qk(x|asas−1 · · · a1) =
∑
n≥k
Qn,k(q1, . . . , qk−1|asas−1 · · · a1)x
n,
where Qn,k(q1, . . . , qk−1|asas−1 · · ·a1)x
n is the generating function for the number of partitions
pi = pi′asas−1 · · ·a1 in Pn,k accounting for the heights of the weak records.
Let pi = pi′a be a partition with k blocks and 1 ≤ a ≤ k − 1. Since the partition is
assumed to be in the standard form and a < k, it cannot be a record. Thus
Qk(x|a) = xQk(x). (16)
Therefore,
Qk(x) =
k∑
a=1
Qk(x|a) = (k − 1)xQk(x) +Qk(x|k). (17)
In order to compute Qk(x|k), we consider k-partitions in the form pi = pi
′k and two separate
scenarios: when pi′ is a k-partition and when it is a (k − 1)-partition. We have:
Qk(x|k) = xqk−1Qk(x|1) + · · ·+ xq1Qk(x|k − 1) + xQk(x|k)
+xqk−1Qk−1(x|1) + xqk−2Qk−1(x|2) + · · ·+ xq1Qk−1(x|k − 1).
With the help of (16), this formula simplifies to
Qk(x|k) = xQk(x|k) + x
2(q1 + · · ·+ qk−1)Qk(x)
+xq1Qk−1(x|k − 1) + x
2(q2 + · · ·+ qk−1)Qk−1(x).
It then follows from (17) that
Qk(x) =
xq1(1− (k − 2)x) + x
2(q2 + · · ·+ qk−1)
(1− x)(1− (k − 1)x)− x2(q1 + · · ·+ qk−1)
Qk−1(x).
Finally, by induction on k we get
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Lemma 3.1. For k ≥ 1,
Qk(x; q1, q2, . . . , qk−1) = x
k
∏k
j=2
(
q1(1− (j − 2)x) + x(q2 + · · ·+ qj−1)
)
∏k
j=1
(
(1− x)(1− (j − 1)x)− x2(q1 + · · ·+ qj−1)
) . (18)
We remark that the particular case of (18) with q1 = · · · = qk−1 = q, namely
Qk(x; q, q, . . . , q) =
qk−2xk∏k
j=1 (1− jx+ (j − 1)x
2(1− q))
,
has been calculated in [10].
3.2 Weak records of height one. Proof of Theorem 1.3-(i)–(iii)
In order to study the weak records of height one, we will utilize Lemma 3.1 with q1 = q and
qi = 1 for all i ≥ 2. It follows from (18) that
Qk(x; q, 1, . . . , 1) =
xk
1− x
∏k
j=2(q + x(j − 2)(1− q))∏k
j=2(1− jx+ (1− q)x
2)
=
1− x+ (1− q)x2
(1− x)
xk/(1 + (1− q)x2)k∏k
j=1 (1−
jx
1+(1−q)x2
)
k−2∏
j=0
(q + jx(1− q)).
Next, using (10) and (11), we obtain:
Qk(x; q, 1, . . . , 1)
=
1− x+ (1− q)x2
1− x
∑
j≥k
Sj,k
xj
(1 + (1− q)x2)j
k−1∑
i=0
|sk−1,i|q
ixk−1−i(1− q)k−1−i
=
(
1−
(q − 1)x2
1− x
)∑
j≥k
k−1∑
i=0
∑
a≥0
(−1)k−1−i
(
j − 1 + a
a
)
Sj,k|sk−1,i|q
ixk+2a+j−1−i(q − 1)k+a−1−i.
Thus, the coefficient of qr in Qk(x; q, 1, . . . , 1) is
∑
j≥k
k−1∑
i=0
∑
a≥0
(−1)r+a−i
(
j − 1 + a
a
)(
k + a− 1− i
r − i
)
Sj,k|sk−1,i|x
k+2a+j−1−i
+
1
1− x
∑
j≥k
k−1∑
i=0
∑
a≥0
(−1)r+a−i
(
j − 1 + a
a
)(
k + a− i
r − i
)
Sj,k|sk−1,i|x
k+2a+j+1−i.
Finally, inspecting the coefficient of xn we obtain Theorem 1.3-(i).
Next, we prove Theorem 1.3-(ii) and (iii). To this end, let q1 = q and qi = 1 for all i ≥ 2
in (3.1). Then
Qk(x; q, 1, . . . , 1) =
xk
1− x
∏k
j=2(q + x(j − 2)(1− q))∏k
j=2(1− jx+ (1− q)x
2)
.
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This can be written recursively as
(1− kx+ (1− q)x2)Qk(x; q, 1, . . . , 1) = x(q + x(k − 2)(1− q))Qk−1(x; q, 1, . . . , 1). (19)
Let Q˜ be the exponential generating function associated with Q, as defined by (4). Then
(19) gives the following integral equation:
Q˜k(x; q)− k
∫ x
0
Q˜k(t; q)dt+ (1− q)
∫ x
0
∫ t
0
Q˜k(r; q)dr dt
= q
∫ x
0
Q˜k−1(t; q)dt+ (k − 2)(1− q)
∫ x
0
∫ t
0
Q˜k−1(r; q)dr dt.
Differentiating twice with respect to x, we arrive to the following second order ODE:
∂2
∂x2
Q˜k(x; q)− k
∂
∂x
Q˜k(x; q) + (1− q)Q˜k(x; q)
= q
∂
∂x
Q˜k−1(x; q) + (k − 2)(1− q)Q˜k−1(x; q) (20)
with initial conditions
Q˜0(x; q) = 1 and Q˜1(x; q) = e
x − 1.
Define Q˜(x, y; q) =
∑
k≥0 Q˜k(x; q)y
k. Multiplying both sides of (20) by yk and summing over
k ≥ 2, we get
∂2
∂x2
Q˜(x, y; q)− y
∂2
∂x∂y
Q˜(x, y; q) + (1− q)((1 + y)Q˜(x, y; q)− 1− exy)
= qy
∂
∂x
Q˜(x, y; q) + (1− q)y2
∂
∂y
Q˜(x, y; q). (21)
Let T˜ (x, y) = ∂
∂q
Q˜(x, y; q) |q=1. Since Q˜(x, y; 1) = e
y(ex−1), (21) gives
∂2
∂x2
T˜ (x, y)− y
∂2
∂x∂y
T˜ (x, y)− y
∂
∂x
T˜ (x, y) = (1 + y + y2)ey(e
x−1) − 1− exy.
Finally, using the initial condition ∂
∂x
T˜ (0, y) = 0 we arrive to
∂
∂x
T˜ (x, y) =
1
2
∂2
∂x2
ey(e
x−1) +
1
2
∂
∂x
ey(e
x−1)
+(x− y − y2/2)ey(e
x−1) − (1 + yex)
∫ x
0
ey(e
t−1)dt.
Inspecting the coefficient of xnyk/n! and the coefficient of xn/n! in T˜ (x, y) and T˜ (x, 1) finishes
the proof of Theorem 1.3-(ii) and (iii).
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3.3 Total height of weak records. Proof of Theorem 1.3-(iv),(v)
Let qi = q
i for all i ≥ 1 in (18). Therefore,
Qk(x; q, q
2, . . . , qk−1) = xk
∏k
j=2
(
q(1− (j − 2)x) + x(q2 + · · ·+ qj−1)
)
∏k
j=1
(
(1− x)(1− (j − 1)x)− x2(q + · · ·+ qj−1)
) .
Taking the derivative with respect to q and evaluating it at q = 1, we obtain that
Tk(x) :=
∂
∂q
Qk(x; q, q
2, . . . , qk−1)
∣∣∣
q=1
=
xk∏k
j=1(1− jx)
(
k − 1 +
(
k
3
)
+ x2
(
k + 1
3
))
.
which by virtue of (11) implies the claim in part (iv) of Theorem 1.3.
We turn now to the proof of part (v) of the theorem. We start with an auxiliary algebraic
identity. Recall (see, for instance, [5] or [14]) that
(ex − 1)k
k!
=
∑
n≥k
Sn,k
xn
n!
.
Using this fact we can calculate∑
k≥2
∑
n≥k
(
(k − 1)Sn,k +
(
k
3
)
Sn−1,k +
(
k + 1
3
)
Sn−2,k
)
xnyk
n!
=
∑
k≥2
(
k − 1
k!
(ex − 1)k +
(
k
3
)∫ x
0
(et − 1)k
k!
dt+
(
k + 1
3
)∫ x
0
∫ t
0
(er − 1)k
k!
drdt
)
yk
= 1 + (y(ex − 1)− 1)ey(e
x−1) +
∫ x
0
y3
6
(et − 1)3ey(e
t−1) dt
+
∫ x
0
∫ t
0
y2
6
(er − 1)2ey(e
r−1)(3− y + yer) drdt.
In order to calculate the total of all heights of all weak records over Pn, we take advantage
of the corresponding exponential generating function of Tn(x) as defined by (4). Summing
up T˜k(x)y
k over all k, taking the second derivative of the summation with respect to x, and
leveraging the previous combinatorial identity, we get
∂2
∂x2
∑
k≥0
T˜k(x)y
k =
1
6
∂4
∂x4
ey(e
x−1) +
4− 3y
6
∂3
∂x3
ey(e
x−1) +
3y2 − 6y − 4
6
∂2
∂x2
ey(e
x−1)
−
y3 − 3y2 + 3y + 1
6
∂
∂x
ey(e
x−1) −
y3 − 3y2
6
ey(e
x−1).
Finally, extracting the coefficient of xn/n! in ∂
2
∂x2
∑
k≥0 T˜k(x) gives Theorem 1.3-(v).
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